Abstract. We use the theory of arithmetic surfaces to show that the Riemann-Roch theorem for Q-graphs is a direct consequence of the usual Riemann-Roch theorem for curves in algebraic geometry.
Introduction
In this paper, we show that there is an intimate connection between two a priori different kinds of Riemann-Roch theorems: the classical RiemannRoch theorem for algebraic curves, and the recently discovered RiemannRoch theorem for graphs (resp. metric graphs, tropical curves) [2, 9, 14] . In particular, we give a new proof of a result which we call the "Riemann-Roch theorem for Q-graphs" (Theorem 1.2 below). Unlike the proof given in [9] , which utilizes the Riemann-Roch theorem for graphs proved in [2] , our proof does not make use of the combinatorial results from [2] ; instead, we deduce Theorem 1.2 directly from the usual Riemann-Roch theorem for complete nonsingular curves in algebraic geometry. To establish such a connection, we utilize some deep results from arithmetic geometry, including Raynaud's results on specialization of the Picard functor [15] , the adjunction formula for arithmetic surfaces, and the deformation theory of stable marked curves.
Our proof of Theorem 1.2 is clearly much more complicated than the combinatorial one which can be extracted from the result of [2] and [9] . However, it has the advantage of explaining why one should expect a Riemann-Roch type formula to hold in the context of graphs. It also helps explain why there is a canonical divisor (rather than just a canonical divisor class) on a graph.
There are two main thematic parts to this paper. One is a purely combinatorial result, Proposition 3.2, which allows us to "transfer" the RiemannRoch formula from one space to another, provided that certain hypotheses are satisfied. This result occupies §3. The rest of the paper ( §2 and §4) is concerned with verifying that the hypotheses of Proposition 3.2 are satisfied in the particular case where the spaces involved come from certain 2000 Mathematics Subject Classification. 05C38, 14H55. The author's work was supported in part by NSF grant DMS-0600027. The author would like to thank Kevin Buzzard and Ezra Miller for their comments on an earlier verison of this manuscript, and Brian Conrad for helpful discussions concerning §4. 1. algebraic curves and Q-graphs, respectively. Putting these ideas together allows us to deduce the Riemann-Roch theorem for Q-graphs directly from the Riemann-Roch theorem for algebraic curves.
It seems reasonable to expect, or at least hope, that the arithmeticgeometric techniques used in this paper will find further applications to interesting graph-theoretic problems.
1.1. Metric graphs and Q-graphs. By a graph, we will mean a finite multigraph without loop edges. All of our graphs are assumed to be connected. By a weighted graph, we will mean a graph in which each edge is assigned a positive real number called the length of the edge. Following the terminology of [1] , a metric graph (or metrized graph) is a compact, connected metric space Γ which arises by viewing the edges of a weighted graph G as line segments. Somewhat more formally, a metric graph should be thought of as corresponding to an equivalence class of weighted graphs, where two weighted graphs G and G ′ are equivalent if they admit a common refinement. (A refinement of G is any weighted graph obtained by subdividing the edges of G in a length-preserving fashion.) A weighted graph G in the equivalence class corresponding to Γ is called a model for Γ. Under the correspondence between equivalence classes of weighted graphs and metric graphs, after choosing an orientation, each edge e in the model G can be identified with the real interval [0, ℓ(e)] ⊆ Γ.
We let Div(Γ) denote the free abelian group on the points of the metric space Γ, and refer to elements of Div(Γ) as divisors on Γ. We can write an element D ∈ Div(Γ) as D = P ∈Γ a P (P ) with a P ∈ Z for all P and a P = 0 for all but finitely many P . We will say that D ≥ 0 if a P ≥ 0 for all P ∈ Γ. We let deg(D) = P ∈Γ a P be the degree of D, we let Div + (Γ) = {E ∈ Div(Γ) : E ≥ 0} denote the set of effective divisors on Γ, and we let Div 0 (Γ) denote the set of divisors of degree zero on Γ.
Following [9] , a Q-graph is a metric graph Γ having a model G whose edges lengths are rational numbers. An ordinary unweighted graph G can be thought of as a Q-graph whose edge lengths are all 1. We denote by Γ Q the set of points of Γ whose distance from every vertex of G is rational; we call elements of Γ Q rational points of Γ. It is immediate that the set Γ Q does not depend on the choice of G. We let Div Q (Γ) be the free abelian group on Γ Q , and refer to elements of Div Q (Γ) as Q-divisors on Γ.
A rational function on a metric graph Γ is a continuous, piecewise affine function f : Γ → R, all of whose slopes are integers. We let M(Γ) denote the space of rational functions on Γ. The divisor of a rational function
where σ P (f ) is the sum of the slopes of Γ in all directions emanating from P . We let Prin(Γ) = {(f ) : f ∈ M(Γ)} be the subgroup of Div(Γ) consisting of principal divisors. It follows from Corollary 1 in [1] that (f ) has degree zero for all f ∈ M(Γ), i.e., Prin(Γ) ⊆ Div 0 (Γ). If Γ is a Q-graph, we denote by Prin Q (Γ) the group of principal divisors supported on Γ Q . Remark 1.1. As explained in [1] , if we identify a rational function f ∈ M(Γ) with its restriction to the vertices of any model G for which f is affine along each edge of G, then (f ) can be naturally identified with the combinatorial Laplacian ∆(f ) of f on G.
, and set |D| = {E ∈ Div(Γ) : E ≥ 0 and E ∼ D}. 
Also, define the canonical divisor on Γ to be
for any model G of Γ. It is easy to see that K Γ is independent of the choice of a model G, and that deg(K Γ ) = 2g − 2, where g = |E(G)| − |V (G)| + 1 is the genus (or cyclomatic number) of Γ.
The Riemann-Roch theorem for Q-graphs is the following assertion:
Remark 1.3. Our statement of Theorem 1.2 is slightly different from Corollary 2.5 in [9] (which the authors also refer to as "Riemann-Roch for Qgraphs"), but Proposition 2.4 of [9] shows that the two results are in fact equivalent to one another. The proof of [9, Corollary 2.5] is based on the combinatorial Riemann-Roch theorem for graphs proved in [2] .
For the convenience of the reader, we briefly sketch how one can deduce Theorem 1.2 from the combinatorial Riemann-Roch theorem proved in [2] . Choose a weighted graph model G for Γ with rational edge lengths. Since all the quantities appearing in Theorem 1.2 are invariant under multiplying all edge lengths by a positive integer m or subdividing each edge into e edges for some positive integer e, we may assume after rescaling that G has no loop edges, and that all edges of G have length 1. Let Div(G) = Div Z (G) be the free abelian group on the set V (G) of vertices of G. For a divisor D on G, define r G (D) = −1 if |D| = ∅, and otherwise set
Then the Riemann-Roch theorem from [2] implies that
It follows easily from the definitions that there exists a rescaled model G for which r G (D) = r Q (D), so Theorem 1.2 follows directly from (1.4).
is an interesting question whether the strict inequality r Q (D) < r G (D) can actually occur. We conjecture that this cannot happen:
Conjecture:
2 Let e be a positive integer. If D is a divisor on a graph G and G ′ is the graph obtained by subdividing each edge of G e times, then
If the conjecture is true, then r G (D) = r Q (D) for every divisor D on an unweighted graph G, thought of as a Q-graph all of whose edge-lengths are 1. In particular, this would imply that Theorem 1.2 is equivalent to the combinatorial Riemann-Roch theorem from [2] . Remark 1.6. Proofs of a tropical analogue of the Riemann-Roch theorem have recently been given in [9] and [14] . The arguments in [9] can be used, together with our Theorem 1.2, to deduce another proof of the RiemannRoch theorem for tropical curves (which does not rely upon the results of [2] ).
A reformulation of Raynaud's description of the Néron model of a Jacobian
In this section, we re-interpret in a slightly non-standard way some results of Raynaud concerning the relation between a proper regular model for a curve and the Néron model of its Jacobian. The main fact which we will need is that the diagrams (2.6) and (2.7) below are exact and commutative. This is probably not a new observation, but since we could not find a convenient reference, we will attempt to explain how it follows in a straightforward way from Raynaud's work. Some references for this section are [4] , [15] , [8] , and the appendix to [3] .
2.1. Raynaud's description. Let R be a complete discrete valuation ring with field of fractions K and algebraically closed residue field k. Let X be a smooth, proper, geometrically integral curve over K, and let X/R be a proper model for X with special fiber X k . For simplicity, we assume throughout that X is regular, that the irreducible components of X k are all smooth, and that all singularities of X k are ordinary double points. We let C = {C 1 , . . . , C n } be the set of irreducible components of X k .
Let J be the Jacobian of X over K, let J be the Néron model of J/R, and let J 0 be the connected component of the identity in J . We denote by Φ = J k /J 0 k the group of connected components of the special fiber J k of J . Let Div(X) (resp. Div(X)) be the group of Cartier divisors on X (resp. on X); since X is smooth and X is regular, Cartier divisors on X (resp. X) are the same as Weil divisors.
The Zariski closure in X of an effective divisor on X is a Cartier divisor. Extending by linearity, we can associate to each D ∈ Div(X) a Cartier divisor D on X, which we refer to as the Zariski closure of D.
Let Div 0 (X) denote the subgroup of Cartier divisors of degree zero on X. In addition, let Div (0) (X) denote the subgroup of Div(X) consisting of those Cartier divisors D whose restriction to each irreducible component of X k has degree zero, i.e., for which
Finally, let
where D is the Zariski closure of D.
Let Prin(X) (resp. Prin(X)) denote the group of principal Cartier divisors on X (resp. X). There is a well-known isomorphism
and according to Raynaud, there is an isomorphism
where
The isomorphism in (2.2) comes from the fact that J 0 = Pic 0 X/R represents the functor "isomorphism classes of line bundles whose restriction to each element of C has degree zero". (Recall that there is a canonical isomorphism between isomorphism classes of line bundles on X and the Cartier class group of X.) Remark 2.3. In particular, it follows from the above discussion that every element P ∈ J 0 (K) can be represented as the class of D for some D ∈ Div (0) (X).
There is a natural inclusion C ⊂ Div(X), and an intersection pairing
The intersection pairing gives rise to a map
Since k is algebraically closed and the canonical map J(K) → J k (k) is surjective by Proposition 10.1.40(b) of [13] , there is a canonical isomorphism J(K)/J 0 (K) ∼ = Φ. According to Raynaud, the component group Φ is canonically isomorphic to the homology of the complex (2.4)
The isomorphism
can be described in the following way. Let P ∈ J(K), and choose
When D corresponds to a Weil divisor supported on X(K), we have another description of the map φ. Write D = P ∈X(K) n P (P ) with n P = 0. Since X is regular, each point P ∈ X(K) = X(R) specializes to welldefined element c(P ) of C. Identifying a formal sum C i ∈C a i C i with the function C i → a i ∈ Z C , we have
The quantities appearing in (2.4) can be interpreted in a more suggestive fashion using the language of graphs. Let G be the dual graph of X k , i.e., G is the finite graph whose vertices v i correspond to the irreducible components C i of X k , and whose edges correspond to intersections between these components (so that there is one edge between v i and v j for each point of intersection between C i and C j ). We write w ∼ v when there is an edge of G connecting w to v. We let Div(G) denote the free abelian group on the set of vertices of G, and define Div 0 (G) to be the kernel of the natural map deg : Div(G) → Z given by deg( a i (v i )) = a i . In particular, the set V (G) of vertices of G is in bijection with C, and the group Div(G) is isomorphic to Z C , with Div 0 (G) corresponding to Ker(deg).
Let M(G) = Z V (G) be the set of Z-linear functions on V (G), and define the Laplacian operator ∆ :
Finally, define
Since the graph G is connected, one knows that Ker(∆) consists precisely of the constant functions, and it follows from (2.4) that there is a canonical exact sequence
We can summarize much of the preceding discussion by saying that the following diagram is commutative and exact:
A few remarks are in order about the exactness of the rows and columns in (2.6). It is well-known that the natural map from X(K) = X(R) to the smooth locus of X k (k) is surjective (see e.g. Proposition 10.1.40(b) of [13] ); by (2.5), this implies that the natural maps Div(X) → Div(G) and Div 0 (X) → Div 0 (G) are surjective. The surjectivity of the horizontal map α 2 : Div (0) (X) → J 0 (K) follows from Remark 2.3. Using this, we see from the Snake Lemma that since the vertical map Div 0 (X) → Div 0 (G) is surjective, the vertical map Prin(X) → Prin(G) is also surjective. All of the other claims about the commutativity and exactness of (2.6) follow in a straightforward way from the definitions.
2.2. Passage to the limit. LetK be the completion of an algebraic closurē K of K, so thatK is a complete and algebraically closed field equipped with a valuation v :K → Q ∪ {+∞}, andK is dense inK.
If K ′ /K is a finite extension of degree m with ramification index e | m and valuation ring R ′ , then by a sequence of blow-ups we can obtain a regular model X ′ /R ′ for X whose corresponding dual graph G ′ is the graph G e obtained by subdividing each edge of G into e edges. If we think of G as an unweighted graph and of G e as a weighted graph in which every edge has length 1/e, then G and G e are different models for the same metric Q-graph Γ, which one calls the reduction graph of X/R (see [5] for further discussion 3 ). In particular, the discussion in [5] shows that the various maps c K ′ : X(K ′ ) → G ′ are compatible, in the sense that they give rise to a specialization map τ : X(K) → Γ which takes X(K) surjectively onto Γ Q .
It is straightforward to check that the diagram (2.6) behaves functorially with respect to finite extensions, and therefore that there is a commutative and exact diagram
Remark 2.8. By continuity, one can extend τ to a map τ : X(K) → Γ and replaceK byK everywhere in the diagram (2.7).
A few explanations are in order concerning the definitions of the various groups and group homomorphisms which appear in (2.7). SinceK is algebraically closed, we may identify the group Div(XK ) of Cartier (or Weil) divisors on XK with Div(X(K)), the free abelian group on the set X(K). We define Prin(X(K)) to be the subgroup of Div(X(K)) consisting of principal divisors. The group Div(X(K)) (resp. Prin(X(K))) can be identified with the direct limit of Div(X K ′ ) (resp. Prin(X K ′ )) over all finite extensions K ′ /K. Accordingly, we define the group J 0 (K) (resp. Div (0) (X(K)), Prin (0) (X(K))) to be the direct limit of the groups J 0 (K ′ ) (resp. Div (0) (X K ′ ), Prin (0) (X K ′ )) over all finite extensions K ′ /K. Finally, we define Jac Q (Γ) to be the quotient Div
The fact that Prin Q (Γ), as defined in §1, coincides with the direct limit over all finite extensions K ′ /K of the groups Prin(G ′ ) follows easily from Remark 1.1.
With these definitions in place, it is straightforward to check using (2.6) that the diagram (2.7) is both commutative and exact.
In particular, we note the following nontrivial consequence of the exactness of (2.7):
Remark 2.10. Another consequence of (2.7) is that there is a canonical isomorphism
so that the group Jac Q (Γ) plays the role of the component group of the Néron model in this situation, even though there is not a well-defined Néron model for J overK orK, since the valuations on these fields are not discrete. One can show using elementary methods that Jac Q (Γ) is (non-canonically) isomorphic to (Q/Z) g (compare with the discussion in [10, Exposé IX, §11.8]).
Remark 2.11. One can give an elegant reformulation of (2.7) (or, more precisely, its extension toK) using potential theory on the Berkovich analytic space associated to XK , as developed by Thuillier in [17] . We will discuss this in more detail in a future work.
Transferring the Riemann-Roch formula
In this section, we formulate an abstract result which says that, in certain situations, we can prove a Riemann-Roch formula on a space X if we know that such a formula holds on a larger spaceX. We will apply this result in the next section to the particular case of graphs and algebraic curves.
Given a set X, we let Div(X) denote the free abelian group on X. We refer to elements of Div(X) as divisors on X. There is a natural partial order on the group Div(X), so in particular it makes sense to consider whether or not D ≥ 0 for some D ∈ Div(X). We let Div + (X) = {E ∈ Div(X) : E ≥ 0} denote the set of effective divisors on X. Let deg : Div(X) → Z denote the natural degree map, and let Div 0 (X) be the subgroup of Div(X) consisting of divisors of degree zero. Every map φ : X 1 → X 2 of sets determines a natural group homomorphism φ * : Div(X 1 ) → Div(X 2 ) preserving degrees:
Given a subgroup Prin(X) ≤ Div 0 (X), we define an equivalence relation by declaring that D ∼ D ′ if and only if D − D ′ ∈ Prin(X).
We define the category JS of Jacobian structures as follows: objects of JS are pairs (X, Prin(X)) as above, and morphisms from (X 1 , Prin(X 1 )) to (X 2 , Prin(X 2 )) correspond to maps φ : X 1 → X 2 of sets for which φ * (Prin(X 1 )) ⊆ Prin(X 2 ). We say that a morphism φ : (X 1 , Prin(X 1 )) → (X 2 , Prin(X 2 )) is dominant if both φ : X 1 → X 2 and φ * : Prin(X 1 ) → Prin(X 2 ) are surjective.
Let (X, Prin(X)) be a Jacobian structure. For D ∈ Div(X), we define the linear system |D| as |D| = {E ∈ Div(X) : E ≥ 0 and E ∼ D}. Proof. Let k = r(D). The result is clear for r(D) ≤ 0, so we may assume that k ≥ 1. If P = P 1 , P 2 , . . . , P k ∈ X are arbitrary, then since r(D) ≥ k, we have
and therefore r(D − P ) ≥ k − 1. Also, since r(D) = k, it follows that there exist P = P 1 , P 2 , . . . , P k+1 ∈ X such that
and therefore r(D − P ) ≤ k − 1 for this particular choice of P .
Our main result in this section is the following: Proposition 3.2. Suppose φ : (X, Prin(X)) → (X, Prin(X)) is a dominant morphism of Jacobian structures, and that there exist an integer g and a divisorK ∈ Div(X) for which
In order to prove this result, we first define the function r ′ on Div(X) by
We will prove via a sequence of lemmas that r ′ (D) = r(D) for all divisors D on X. Proof. We prove by induction that if r ′ (D) ≥ k, then r(D) ≥ k as well. The case k = −1 is clear. Assume that r(D) ≥ k whenever r ′ (D) ≥ k, and let D ∈ Div(X) be such that r ′ (D) ≥ k + 1. Then there existsD ∈ Div(X) with φ * (D) = D and r(D) ≥ k + 1. By Lemma 3.1, for everyP ∈X, we have r(D −P ) ≥ k, which by induction means that r(D − P ) ≥ k, where P = φ(P ). Since φ is surjective, we have r(D − P ) ≥ k for all P ∈ X, which implies that r(D) ≥ k + 1 as required. Proof. If r(D) = −1 then r ′ (D) = −1 by Lemma 3.3. Conversely, suppose r(D) ≥ 0. Then D = E + F with E ≥ 0 in Div(X) and F ∈ Prin(X). Since φ is surjective, there existsẼ ≥ 0 in Div(X) such that φ * (Ẽ) = E. Since φ * : Prin(X) → Prin(X) is surjective, there existsF ∈ Prin(X) such that φ * (F ) = F . SettingD =Ẽ +F , we find that |D| = ∅ and
Proof. Let k = r ′ (D), and chooseD ∈ Div(X) with r(D) = k. For any P ∈ X, chooseP ∈X with φ(P ) = P . IfP 2 , . . . ,P k are arbitrary, then |D −P −P 2 − · · · −P k | = ∅. In particular, r(D −P ) ≥ k − 1, and therefore
Now suppose r ′ (D) ≥ 0. Since r(D) ≥ 0 as well, there exists P ∈ X such that r(D − P ) = k − 1. By Lemma 3.3, r ′ (D − P ) ≤ k − 1, and thus r ′ (D − P ) = k − 1. 
Since r(D) ≥ r ′ (D) as well, we must have r(D) = r ′ (D) as desired.
We now give the proof of Proposition 3.2.
Proof of Proposition 3.2. Let D ∈ Div(X). By Lemma 3.6, it suffices to prove that
and thus
and thus that
Combining (3.8) and (3.9) gives (3.7). 
Riemann-Roch for Q-graphs via Riemann-Roch for curves
In this section, we use Proposition 3.2 to deduce the Riemann-Roch theorem for Q-graphs (Theorem 1.2) from the corresponding classical result for complete nonsingular curves over a field.
4.1.
A result from deformation theory. The first step is to realize an arbitrary (unweighted) connected graph G as the dual graph of the special fiber of some regular arithmetic surface whose special fiber is a totally degenerate semistable curve, i.e., each component has geometric genus 0. The existence of such an arithmetic surface is a well-known fact from the deformation theory of stable marked curves. In particular, we quote the following two results (see §3 of [6] for references and further discussion). The first result is elementary, while the second is fairly deep.
Lemma 4.1. Let G be a connected graph, and let k be an infinite field. Then there exists a totally degenerate semistable curve C/k whose dual graph is isomorphic to G. Theorem 4.2. Let R be a complete discrete valuation ring with field of fractions K and residue field k. For any semistable curve C/k, there exists a (proper) regular arithmetic surface X/R whose special fiber is isomorphic to C and whose generic fiber is a smooth, proper, and geometrically integral curve X/K.
Combining these two results, we obtain: Corollary 4.3. Let R be a complete discrete valuation ring with field of fractions K and infinite residue field k. For any connected graph G, there exists a regular arithmetic surface X/R whose generic fiber is a smooth, proper, and geometrically integral curve X/K, and whose special fiber is a totally degenerate semistable curve with dual graph isomorphic to G.
Given a connected graph G and a complete discrete valuation ring R with algebraically closed residue field k, fix a choice of a regular arithmetic surface X/R as in the statement of Corollary 4.3. We denote by g the genus of X, which by Proposition 10.1.51 of [13] coincides with the cyclomatic number |E(G)| − |V (G)| + 1 of the graph G (since C is assumed to be totally degenerate).
4.2.
Specialization of a canonical divisor. Recall from [2] that the canonical divisor of G is defined to be
and that deg(K G ) = 2g − 2.
Let ω X/R be the canonical sheaf for X/R, and let K X be a Cartier divisor such that O X (K X ) ∼ = ω X/R ; we call any such K X a canonical divisor. Let ρ : Div(X) → Div(G) be the map given by
where C i is the irreducible component of C = X k corresponding to the vertex v i of G. Proof. This is a consequence of the adjunction formula for arithmetic surfaces (see [13, Theorem 9.1.37]), which tells us that
for all i. Since (C · C i ) = 0 for all i, we have
Combining (4.6) and (4.7) gives
for all i, as desired.
Remark 4.8. Lemma 4.5 helps explain why there is in fact a canonical divisor on a graph G, rather than just a canonical divisor class, and also explains the connection between the canonical divisor on a graph and the canonical divisor class in algebraic geometry. This connection is implicit in the earlier work of S. Zhang [18] .
Note that the restriction of K X to X is a canonical divisor K X ∈ Div(X) of degree 2g − 2, but K X is not necessarily supported on the set X(K) of K-rational points of X.
Let Γ denote the metric Q-graph associated to G. As in §2, we let τ : X(K) → Γ Q denote the natural surjective specialization map, and we let τ * : Div(X(K)) → Div(Γ Q ) denote the induced homomorphism on divisors.
Lemma 4.9. Let K X ∈ Div(X(K)) be the restriction to X of a canonical divisor K X ∈ Div(X). Then τ * (K X ) is linearly equivalent to K G .
Proof. Since the Zariski closure of K X differs from K X by a vertical divisor, this follows from Remark 4.4 and Lemma 4.5.
Remark 4.10. By a general moving lemma (e.g. Corollary 9.1.10 or Proposition 9.1.11 of [13] ), there exists a horizontal canonical divisor K X on X. Since K X is the Zariski closure of K X in this case, it follows that there exists a canonical divisor K X ∈ Div(X(K)) for which τ * (K X ) is equal to K G (and not just linearly equivalent to it).
4.3.
Proof of the Riemann-Roch theorem for Q-graphs. We need one more basic fact before putting all of the different ingredients together into our proof of Theorem 1.2. For D ∈ Div(X(K)), let r(D) = −1 if |D| = ∅, and otherwise set r(D) = max{k ∈ Z : |D − E| = ∅ ∀ E ∈ Div + (X(K)) with deg(E) = k}.
(Here |D − E| denotes the complete linear system corresponding to the divisor D − E.) Lemma 4.11. Let X be a smooth, proper, geometrically integral curve over a field F , and assume that X(F ) is infinite (which is always the case if F is algebraically closed.) Then for D ∈ Div(X F ), we have r(D) = dim F (L(D)) − 1, where L(D) = {f ∈ F (X) * : (f ) + D ≥ 0} ∪ {0}.
Proof. It is well-known that dim L(D −P ) ≥ dim L(D)−1 for all P ∈ X(F ). If dim L(D) ≥ k + 1, it follows that for any points P 1 , . . . , P k ∈ X(F ) we have dim L(D − P 1 − · · · − P k ) ≥ 1, so that L(D − P 1 − · · · − P k ) = (0) and |D − P 1 − · · · − P k | = ∅. Conversely, we prove by induction on k that if dim L(D) = k, then there exist P 1 , . . . , P k ∈ X(F ) such that L(D − P 1 − · · · − P k ) = (0), i.e., |D − P 1 − · · · − P k | = ∅. This is clearly true for the base case k = 0. Suppose dim L(D) = k ≥ 1, and choose a nonzero rational function f ∈ L(D). Since f has only finitely many zeros and X(F ) is infinite, there exists P = P 1 ∈ X(F ) for which f (P ) = 0. It follows that L(D − P ) L(D), so that dim L(D − P ) = k − 1. By induction, there exist P 2 , . . . , P k ∈ X(F ) such that |D − P − P 2 · · · − P k | = ∅, which proves what we want.
We now turn to the proof of Theorem 1.2. We first recall some notation. Proof of Theorem 1.2. By suitably rescaling and subdividing each edge of Γ as in Remark 1.3, we may assume that there exists a model G for Γ in which every edge has length 1. Let R be a complete discrete valuation ring with an algebraically closed residue field, and let X/R be a regular arithmetic surface with smooth generic fiber X/K whose associated dual graph is G. Let τ : X(K) → Γ Q be the corresponding specialization map, fix a canonical divisor K X on X, and let K X be the restriction of K X to X. By Lemma 4.9, we have τ * (K X ) ∼ K Γ (and by Remark 4.10, we may even arrange to have τ * (K X ) = K Γ ). By Lemma 4.11 and the Riemann-Roch theorem for algebraic curves, for every D ∈ Div(X(K)) we have induced by the map τ : X(K) → Γ Q (see §3). We know from the discussion in §2 that τ is surjective, and by Corollary 2.9, τ * maps Prin(X(K)) onto Prin(Γ Q ). We conclude from Proposition 3. 
